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Abstract
It is our goal to recapitulate the most important results in the classi1cation of the 1nite
 ag-transitive projective planes. We will also present some new results on the problem (con-
cerning polarities), sometimes in a (theoretically) slightly more general setting.
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1. Introduction
A 1nite projective plane  of order n, where n∈N, is a point–line incidence struc-
ture satisfying the following conditions:
(i) each point is incident with n+1 lines and each line is incident with n+1 points;
(ii) any two distinct lines intersect in exactly one point and any two distinct points
are incident with exactly one line;
(iii) there exists an ordinary quadrangle as subgeometry.
Note that a combination of (iii) and (ii) implies that n + 1¿ 3. There is a point–
line duality for projective planes for which in any de1nition or theorem the words
‘point’ and ‘line’ are interchanged. If one deletes a line L of a projective plane 
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of order n and the points incident with it, then the obtained incidence geometry L
is called an a3ne plane of order n. If a 1nite projective plane is coordinatized by
a 1eld, then it is called classical. A classical 1nite projective plane is usually called
Desarguesian. By PG(2; q), we will denote the Desarguesian projective plane of order
q which is coordinatized by the 1nite 1eld GF(q) with q elements. A collineation or
automorphism of a projective plane = (P; B; I), where P is the point set, B the line
set and I is the incidence, is a permutation of P ∪ B which preserves P, B and I . A
translation plane with translation line L is a projective plane for which there is an
automorphism group 1xing L pointwise and acting regularly on the points which are
not incident with L. If one deletes a translation line L of a projective plane , then
the aGne plane L is an a3ne translation plane.
The type of problem that will be discussed in this paper is to characterize classical
(1nite) projective planes by certain transitivity properties. Let us 1rst recall one of the
1rst and most celebrated results on projective planes in that direction.
Theorem 1.1 (Ostrom and Wagner [16], Wagner [24]). (1) Let  be an a3ne plane
of order n having a collineation group acting transitively on the lines. Then  is an
a3ne translation plane.
(2) Let  be a projective plane of order n having a collineation group H acting
2-transitively on the lines of . Then  is Desarguesian and H contains the little
projective group.
In view of Theorem 1.1(2), we remark that a group acts 2-transitively on the lines of
a 1nite projective plane if and only if it acts 2-transitively on the points (see e.g. [11,
Exercise 13.5]). Moreover, a group acts transitively, respectively regularly, on the lines
of a 1nite projective plane if and only if it acts transitively, respectively regularly, on
the points. Also, (2) is a corollary of (1) and the fact that each 1nite Moufang plane
(this is a projective plane each line of which is a translation line) is Desarguesian, see
[11, Chapter 6].
A 6ag of a projective plane is an incident point–line pair. A projective plane is
6ag-transitive if it has an automorphism group acting transitively on its  ags. It should
be noted that  ag-transitivity is theoretically more general than 2-transitivity (on points
or lines).
The problem of classifying 1nite  ag-transitive projective planes is one of the old-
est problems in the theory of projective planes. It was 1rst mentioned in [10], and,
by closely following ideas of Ostrom and Wagner [16], they showed that a 1nite
 ag-transitive projective plane is Desarguesian if the order is suitably restricted.
Remark 1.2. (i) Although there are some good and extensive surveys on the subject
of  ag-transitive linear spaces (see, for example, [14] or [19,15]), there seems to be
no such (detailed) overview for the case of (1nite) projective planes. This partially
motivates this paper.
(ii) We have split up the known results in two categories, namely those established
before 1980, and those established after 1980. In the 1rst period, the results were proved
essentially with ‘classical’ geometrical methods (in the spirit of the Ostrom–Wagner
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theorem); in the second period, the emphasis in the proofs is more on diMerence sets,
deep (simple) group theory and pure algebra.
For notions and notations not explicitly given here, we refer to [11].
2. Results in the period 1961–1979
We start with some ‘elementary’ results (prior to the classi1cation of 1nite simple
groups).
Theorem 2.1 (Higman and McLaughlin [10]). If q is a prime power di9erent from 2
and 8, then any 6ag-transitive collineation group of the Desarguesian plane PG(2; q)
contains all elations of PG(2; q).
Theorem 2.2 (Roth [20]). Suppose either n2 + n + 1 or n + 1 is a prime. Then a
6ag-transitive group G is either doubly transitive (on points and lines) or it contains
a sharply 6ag-transitive subgroup.
In the doubly transitive case, the plane is Desarguesian by the Ostrom–Wagner result.
If G is non-soluble, then it is doubly transitive; this is a consequence (both for n2+n+1
and n+1 a prime) of a result of Burnside [2] which states that a non-soluble transitive
permutation group of prime degree is doubly transitive. If G is soluble, then a result
of Galois is applied, saying that a soluble transitive permutation group of prime degree
is soluble if and only if it is either regular or a Frobenius group [4].
A group G is called a geometric ABA-group [10] if G contains the groups A and
B for which G= ABA, if AB∩ BA= A+ B, and if A* B and B* A. A 2-design is a
point–line incidence structure, consisting of two non-empty disjoint sets called points
and lines, together with an incidence relation I , such that (1) each point is incident with
a constant number (¿ 2) of lines and (2) each line is incident with a constant number
(¿ 2) of points, and (3) through every two distinct points there is precisely one line. 1
A 6ag-transitive representation of a group H on a design  is a homomorphism of
G onto an automorphism group of  acting  ag-transitively. Higman and McLaughlin
proved in [10] that a group G admits a  ag-transitive representation on a 2-design if
and only if G is a geometric ABA-group. Such a group always acts primitively (i.e.
there are no non-trivial blocks of imprimitivity [4]) on the points of the design, which
translates into the fact that in an ABA group A is maximal. Using these observations,
the following was proved.
Theorem 2.3 (Higman and McLaughlin [10]). If  is a :nite 6ag-transitive projective
plane of order n with n odd and n not a fourth power, and if n is a square of a
1 In view of this de1nition, we will say that the point p of a point–line incidence geometry  is incident
with the line L of , or pIL, instead of ‘p lies on L’ or ‘L goes through p’, etc.
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natural number m for which m ≡ −1mod 4, or n is not a square and n2 + n + 1 is
not a prime, then  is Desarguesian.
McLaughlin noted in [3] that using the ideas of [10], in fact the following is also
true.
Theorem 2.4 (Higman and McLaughlin [10], Dembowski [3]). If  is a :nite 6ag-
transitive projective plane of order n with n odd and n not a fourth power or n is
not a square and n2 + n+ 1 is not a prime, then  is Desarguesian.
It is well-known that an involutorial collineation of a projective plane  either is a
perspectivity or 1xes exactly the elements of a subplane ′ which has the property that
every element of  is incident with an element of ′. If  and  are two involutions
of the second kind, 1xing the subplanes  and , respectively, then  and  leave
 and , respectively, invariant if and only if  = , and in this case  =  is
also an involution. A result of Wagner [23] stated that if ,  induce homologies in
,  and if  contains no subplane of order 2 (i.e. if no quadrangle has collinear
diagonal points), then  is a homology of . This was then used to prove that if the
 ag-transitive projective plane  is of (1nite) square order n2, and ′ is of order n,
then ′ is Desarguesian. If  possesses a collineation group G leaving ′ invariant
and inducing at least the little projective group in ′, and if further, in the case where
n is odd,  has no subplane of order 2, then  contains a non-trivial perspectivity of
. From this, Wagner derived the following improvement of Theorem 2.4.
Theorem 2.5 (Wagner [23]). If  is a :nite 6ag-transitive projective plane of order
n with n odd and not a fourth power, and if there are no subplanes of order 2, then
 is Desarguesian.
If there are subplanes, then there is a converse, see Section 4.
According to J.E. McLaughlin, the condition about the non-existence of a subplane
was inessential for the proof of this result.
Theorem 2.6 (Ott [17]). Let (;G) be a :nite 6ag-transitive projective plane of order
n (where the notation is obvious). Then the following are equivalent.
1. The size of G is odd.
2. G acts sharply 6ag-transitive.
3. G acts on the points of  as a Frobenius group.
If one of these conditions holds, then n is even and n2 + n+ 1 is a prime number.
Ott’s results are very geometrical in nature, and some strong results have very
elementary proofs. We recall some more theorems of Ott in this direction.
Theorem 2.7 (Ott [17]). Let (;G) be a :nite 6ag-transitive projective plane of order
n. Then n is the power of a prime or G acts sharp-transitively on the 6ags.
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Theorem 2.8 (Ott [18]). Let (;G) be a :nite 6ag-transitive projective plane of order
n. If n is odd, then n is the power of a prime.
So, by Theorems 2.6, 2.7 and 2.8, we hence have that
for a :nite 6ag-transitive projective plane  of order n admitting a 6ag-transitive
group G, either
• n is the power of a prime, or
• n is even, G acts 6ag-regularly and n2 + n+ 1 is a prime number.
The main tool in the proof of Theorem 2.8 is the following interesting result.
Theorem 2.9 (Ott [18]). Let G be a collineation group of the :nite projective plane
 of order n = 5. If every 6ag of  is :xed by an involutory homology of G, then
we have one of the following cases.
1. The plane  is Desarguesian and G contains the little projective group.
2. The group G :xes a unital (not necessarily pointwise), and n is a prime power.
If G does not contain a Baer involution, then  is Desarguesian, and G contains
a normal subgroup isomorphic to PSU3(n).
3. The group G :xes an oval (not necessarily pointwise),  is Desarguesian, and G
contains a normal subgroup isomorphic to PSL2(n).
4. The group G :xes a Baer-subplane (not necessarily elementwise),  is a gener-
alized Hughes-plane, and G contains a normal subgroup isomorphic to PSL3(
√
n)
if n = 49, respectively SL3(7) if n= 49.
5. The group G :xes an anti6ag, 2  is Desarguesian, and G contains a normal
subgroup isomorphic to SLpm2 (n).
6. The group G :xes a line L. In that case, the a3ne plane L is a translation
plane, and G contains the translation group of this plane.
7. The group G :xes a point p. In that case, the dual a3ne plane p is a dual
translation plane, and G contains the translation group of this plane.
3. Results in the period 1981–1990
3.1. Di9erence sets
Suppose  is a 1nite projective plane of order n. A Singer group G [21] is a group
which acts regularly on the points and lines of  (and hence its order is n2 + n+ 1).
Note the earlier remark that a group acts regularly on the points of  if and only if it
acts regularly on the lines of . Suppose G is a Singer group acting on the plane .
A di9erence set D of  is de1ned as {g∈G ‖pgIL} for any given point p and line
L of .
2 An anti6ag is a non-incident point–line pair.
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Theorem 3.1 (Hughes and Piper [11]). Let G be a Singer group with a di9erence set
D. Then for every  = 1 in G there exists a unique pair 1, 2 in D such that
 = 1−12 ; also there exists a unique pair 3, 4 in D such that  = 
−1
3 4.
Theorem 3.2 (Hughes and Piper [11]). Let G be a group with a subset D such that
every element of G, except the identity, can be uniquely represented as 1−12 , where
each i is in D. Then if |G|¿ 3, there is a (unique) projective plane  such that G
is a Singer group for  with di9erence set D.
Suppose  is a projective plane, and let G be a Singer group acting on . Suppose
D ⊆ G is a diMerence set in G, and de1ne the following point–line incidence structure
D = (PD; BD; ID):
1. PD = {() ‖ ∈G} is the set of points;
2. BD = {[] ‖ ∈G} is the set of lines;
3. incidence ID is de1ned by
()ID[] if and only if −1 ∈D:
We then have the following.
Theorem 3.3 (Hughes and Piper [11]). The incidence structure D is a projective
plane which is isomorphic to .
Note. In the rest of the paper, we will frequently use this coordinatization method
without further notice.
Let G′ be an abelian Singer group with diMerence set D′ acting on the projective
plane  of 1nite order n. Suppose n ≡ 0modp for the prime number p, and let 
be the mapping of G′ given by   =  p. Then there is an element  of G′ such that
(D′) = D′. Furthermore, the mapping ′ as de1ned below is a collineation of 
which normalizes G′:
′ : ()→ (); []→ []:
If  is an automorphism of the abelian Singer group G′ so that there is some ∈G′
for which
D = D;
then  is called a multiplier of D. Sometimes,  is identi1ed with  if G′ is cyclic,
and then it is also called a multiplier of D in that case. The preceding observations
are due to Hall [9].
If  is the group of all collineations of  generated by the mappings ′ as p varies
over all prime divisors of n, then there is a choice of diMerence set D such that D is
1xed by all the elements of .
Suppose D is the diMerence set left invariant by . Then D is left invariant by
= p, hence, if ∈D, then  p ∈D.
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If n is even, we know that for any ∈D,  2 is also contained in D, and hence
 =  2 −1 is the unique representation of  as 1−12 . The uniqueness of the repre-
sentation and the preceding observation implies the following well-known theorem.
Theorem 3.4 (Hall, [9]). Let  be a projective plane of order n admitting an abelian
Singer group. Then there do not exist odd prime numbers p1; : : : ; pm; p′1; : : : ; p
′
r , all
dividing n, and natural numbers n1; : : : ; nm; n′1; : : : ; n
′
r+1 for which
pn11 : : : p
nm
m − (p′1)n
′
1 : : : (p′r)
n′r2n
′
r+1 ∈{−1;+1}:
In particular, the theorem holds for a non-Desarguesian 1nite  ag-transitive projective
plane of order n, see Theorem 3.7. Many more numerical restrictions are known; see
[1, Chapter VI, Section 7.19] or [8].
3.2. Results after 1980
A cyclic projective plane is a projective plane admitting a cyclic transitive collineation
group.
Theorem 3.5 (Fink [7]). Let  be a :nite projective plane of order n, which admits
a group G acting transitively on the 6ags and which has odd order. Then either
n∈{2; 8} or else  is a non-Desarguesian cyclic plane determined by a di9erence
set D in the cyclic group (GF(p);+), where p = n2 + n + 1 is prime and n even.
One may take D to be the set of nth powers in the multiplicative group of GF(p),
in which case D consists of all its own multipliers and contains all the divisors of n.
Note. If  is the Desarguesian projective plane of order 8, then the Singer group G
together with the multipliers generate a  ag-regular automorphism group, where D is
the set of eighth powers in the multiplicative group of GF(73).
Fink also obtained the following improvement of Theorem 2.5.
Theorem 3.6 (Fink [6]). Let  be a :nite 6ag-transitive projective plane of order n
where n is not a fourth power. If  admits a collineation group G such that G is
6ag-transitive but not regular on 6ags, then  is Desarguesian and G contains the
little projective group.
The following theorem is perhaps the strongest result in the study of 1nite  ag-
transitive projective planes; the proof provides a heavily group theoretical analysis to
obtain a list of the odd degree primitive permutation representations of all non-sporadic
nearly simple groups. The classi1cation of 1nite simple groups is not used to obtain
the latter result, but for applications, such as Theorem 3.7 stated below, a tedious
case-by-case analysis of the sporadic simple groups is needed.
Theorem 3.7 (Kantor [13]). Let  be a :nite point-primitive projective plane of order
n (that is, suppose there is a group G acting primitively on the points of ). If n is
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odd, then  is Desarguesian. If  is not Desarguesian, then n is even, n2 + n+ 1 is
a prime, G is a Frobenius group and |G| divides (n+1)(n2 + n+1) or n(n2 + n+1).
A  ag-transitive group of a 1nite projective plane is point-primitive [10], thus The-
orem 3.7 applies. In that case, if  is not Desarguesian, |G|=(n+1)(n2 + n+1), and
hence the action is regular. The proof of Theorem 3.7 is independent of Theorems 2.6,
2.7 and 2.8; as such, those theorems are completely covered by it. By e.g. Theorem
3.7, G contains a (necessarily unique) normal subgroup of prime order n2+n+1 acting
regularly on the points of .
Finally, we recall one of the most recent results on the problem under consideration.
Theorem 3.8 (Feit [5]). Let  be a :nite 6ag-transitive projective plane of order n,
and suppose  is not Desarguesian. Then n ≡ 0mod 8, n is not the power of a
prime, n2 + n+1 is a prime, and if d is a divisor of n, then dn+1 ≡ 1mod n2 + n+1.
Furthermore, q¿ 14; 400; 008.
The most important part of Theorem 3.8 is taken over from Theorem 3.7.
To prove that if d is a divisor of n, then dn+1 ≡ 1mod n2 + n + 1, Feit makes the
well-known observation that, under the assumptions of Theorem 3.8,
(∗) the unique group of order n+1 of the multiplicative group of GF(p), p=n2+n+1,
can be taken as a diMerence set in (GF(p);+),
see, e.g., Theorem 3.5, and then applies the multiplier theorem of Hall [9].
We give a very easy elementary proof here starting from the same observation (∗),
but without applying the multiplier theorem to that observation (it should be noted
though that (∗) is obtained by applying that theorem).
By Theorem 3.5, we may represent the non-Desarguesian plane  by a diMerence
set D in the cyclic group (GF(p);+), where p = n2 + n + 1 is prime and n even,
and where D is the set of nth powers in the multiplicative group of GF(p), and D
contains all the divisors of n. Suppose that d divides n. Then there is some ∈GF(p)
for which n ≡ dmodp. Also, since ∈GF(p), we know that p ≡ modp. But
then
p − = n2+n+1 −  ≡ (dn+1 − 1)modp
and hence, since  ≡ 0modp (and p is a prime), we have that dn+1 ≡ 1modp.
It is easy to see that in the case of Theorem 3.8, n+ 1 ≡ 0 mod 3, see [1, Chapter
VI, Section 7.9(a)].
Remark 3.9. In [5], Feit also made the following number theoretical conjecture:
Conjecture (W. Feit). Let n be an even natural number so that n2 + n+ 1 is a prime,
and for which 2n+1 ≡ 1 mod n2 + n+ 1. Suppose also that n+ 1 ≡ 0 mod 3. Then n
is a power of 2.
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The fact that n ≡ 0 mod 8 under the assumptions of Theorem 3.8 was already known
before 1990 in a more general context:
Theorem 3.10 (Jungnickel and Vedder [12]). Let G be an abelian Singer group for
the :nite projective plane  of even order n, n¿ 4. Then n ≡ 0mod 8.
4. Polarities in projective planes admitting an abelian Singer group and 0ag-transitive
projective planes
In this paragraph, it is our aim to have a closer look at the behaviour of the (set
of) polarities of non-Desarguesian projective planes admitting an abelian Singer group,
sometimes with some additional assumptions.
If  is a 1nite non-Desarguesian projective plane of order n admitting an abelian
Singer group, then throughout this paper we will denote the considered abelian Singer
group by G′, and by G we will denote the full group of automorphisms of  (which
has size (n+1)(n2 +n+1) if  is  ag-transitive). We emphasize that all the elements
of G of order n2 + n+1 are contained in G′ if  is  ag-transitive, as then n2 + n+1
is a prime.
The following observation is taken from Hughes and Piper [11], see also [11] for
the notations used in the observation.
If ′ is a projective plane with an abelian Singer group H with diMerence set D
(and with the aforementioned coordinatization w.r.t. D), then the mapping ()→ [−1]
is a polarity of  whose absolute points are those points () such that 2 is in D. If H
has odd order, every element of D is the square of an element of H , and the polarity
has |D|=n+1 absolute points (if  is of order n), and if n is even, the absolute points
form a line of the plane. There is an interesting corollary for  ag-transitive planes, or
more generally, for projective planes admitting an abelian Singer group.
Theorem 4.1. A :nite projective plane  admitting an abelian Singer group is self-
polar (i.e. always admits a polarity). In particular, any :nite 6ag-transitive projective
plane is self-polar.
Suppose  is a polarity of , and let A be the set of absolute points of . Then
|A|¿ n+ 1 [11]. Suppose n2 + n+ 1 is a prime; then n is not a square, and hence by
Hughes and Piper [11, 12.3], there follows that |A|= n+1, and A is a line or an oval
of . By Hughes and Piper [11, 12.6], the assumption that n is even would imply that
A is a line. Hence, if  is a non-Desarguesian :nite 6ag-transitive projective plane
of order n, then  does not have a polarity for which the set of absolute points is
not a line (i.e. every polarity is a pseudo-polarity).
The same observation holds for 1nite projective planes of non-square even order
admitting an abelian Singer group.
Notation. Denote by D the (pseudo-)polarity which arises from the diMerence set D
as described earlier for the projective plane  of order n admitting an abelian Singer
group, where n2 + n+ 1 is a prime.
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Let  be a polarity of , and suppose  is a non-trivial element of G′. If = −1,
then we will write that ∈Pol(G′;−1).
Note that this is a good notation, for, since |G′|=n2+n+1 is a prime, there follows
that  generates G′. Hence, if =  k is an arbitrary element of G′ (for some natural
k), then  =  k = ()k =  −k = −1.
Lemma 4.2. Suppose  is a :nite projective plane of even order n, where n2 + n+1
is a prime, admitting a Singer group G′. Then Pol(G′;−1) is non-empty.
Proof. As n2 + n+ 1 is a prime, G′ is abelian. Consider the polarity D which corre-
sponds to a 1xed diMerence set D in G′. Then clearly D ∈Pol(G′;−1).
For convenience, denote by Pol() the set of all polarities of .
Since any polarity  of  is a pseudo-polarity, we know that there is a line L of
absolute points and a point p which is incident with all absolute lines. Sometimes we
will write (; p; L) instead of .
Theorem 4.3 (Structure Theorem). Suppose  is a :nite projective plane of order n,
where n2 + n+1 is a prime, admitting a Singer group G′. Suppose also that the full
automorphism group of  acts semiregularly on the 6ags. Then Pol()=Pol(G′;−1),
and |Pol()|= |Pol(G′;−1)|= n2 + n+ 1.
Proof. We know that Pol(G′;−1) is non-empty by Lemma 4.2, so assume that ∈Pol
(G′;−1). Furthermore, assume that  and ′ are non-trivial elements of G′, and that the
polarities  −1 and (′)−1′ are equal. Note that both polarities clearly are elements
of Pol(G′;−1). Equality implies, using the fact that G′ is abelian, that (′)−1 =
(′)−1 =  −1′ (the last step since ∈Pol(G′;−1)), implying that (′)−1 is an
involution if  = ′, contradiction (with the fact that n2 + n + 1 is a prime). So
|Pol(G′;−1)|¿ n2 + n+ 1.
Suppose |Pol()|¿n2 + n + 1. Then there is a point p and there are two distinct
pseudo-polarities  and ′ of  such that p is incident with every absolute line of
 and ′. Suppose L = L′ are the lines of absolute points of  and ′, and suppose
L ∩ L′ = x. Then ′ is a collineation of  which 1xes the  ag (x; px), contradiction.
Hence |Pol()|= n2 + n+ 1.
In the next two lemmas, G′ is an abelian Singer group acting on the 1nite projective
plane ; Pol(G′;−1) is as before.
Lemma 4.4. Suppose (; p; L)∈Pol(G′;−1), and suppose ∈G′ maps MIp onto M ′Ip,
M ′ = M . If m=M ∩ L and m′ =M ′ ∩ L, then  maps m′ onto m.
Proof. By the fact that (M ′)=m′ and that m=M , there follows, since (M ′)
′=M ,
that  maps m′ onto m.
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Lemma 4.5. Suppose ∈G′ is non-trivial, and suppose  is a polarity for which L is
the line of absolute points of , and suppose p= L. Let M be a line through x, put
m=M ∩ L, and suppose  maps M onto L. If =  −1, then  maps p onto m.
Proof. Suppose that  maps p onto m′, where m′ is not incident with M , and suppose
M ′ := m′p. Since  −1 maps m′ onto p, and since  −1=, there holds that (M ′)=L,
in contradiction with the fact that  maps M onto L. Hence, m′ = m.
Suppose (p1; L1), (p2; L2) and (p3; L3) are three distinct anti ags of a (general)
projective plane , such that they form the points and lines of a triangle. If there are
three pseudo-polarities 1, 2 and 3 of  for which i = (i; pi; Li), i∈{1; 2; 3}, then
we say that  = (p1; L3; p2; L1; p3; L2) is a pseudo-polar triangle of .
Theorem 4.6. Suppose  is a :nite projective plane of order n, where n2 + n+1 is a
prime, admitting a Singer group G′. Suppose also that the full automorphism group
of  acts semiregularly on the 6ags. If  contains a pseudo-polar triangle, then 
is Desarguesian.
Proof. We can assume that  satis1es the preceding conditions (so n2+n+1 is a prime,
etc.), and we use the aforementioned notations. Suppose that  =(p1; L3; p2; L1; p3; L2)
is a pseudo-polar triangle of , with corresponding polarities i, 16 i6 3. Then
i ∈Pol(G′;−1) by Theorem 4.3. Now consider the element ∈G′ which maps L1
onto L2. Then by Lemma 4.5,  maps p2 onto p3. By Lemma 4.4, and since  is a
pseudo-polar triangle, we can conclude that  maps L2 onto L3 and p2 onto p1. But,
the element  of G′ which maps L2 onto L1 also maps p2 onto p1, and hence = ,
clearly a contradiction.
Theorem 4.7. Suppose (;G) is a 6ag-transitive projective plane of order n. If 
contains a proper subplane ′, say of order n′, and the restriction H of G to ′ is
again a 6ag-transitive group, then  is Desarguesian.
Proof. It is clear that H acts regularly on the  ags of ′ if the conditions above are
satis1ed, and hence |H |=(n′+1)((n′)2 + n′+1). Any non-trivial element of H which
1xes a point of ′, extends uniquely to an element of G which 1xes the same point of
 (and hence n′+1 divides n+1). An element of G′ can never induce a collineation
upon ′ by its semiregular action on  and the fact that such an element always
generates G′. Now suppose (x; L) is an anti ag of ′ such that Hx = HL. Then there
follows that Gx =GL. From preceding considerations, it follows that there is a polarity
′ of ′, respectively  of , such that x
′
= L, respectively x = L, and for which
L is the line of absolute points (both in Desarguesian and non-Desarguesian planes).
Suppose y is a point of L in ′. In G, there is a unique collineation which maps
the  ag (x; xy) onto (y; L) by Lemma 4.5 (namely the unique element of G′ which
sends xy onto L). This clearly gives the desired contradiction, since every element of
H uniquely extends to an element of G, but no non-trivial element of G′ induces a
collineation of ′.
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Remark 4.8. (i) Suppose  contains two ‘disjoint’ anti ags (p; L) and (q;M), such
that there are polarities  = (; p; L) and ′ = (′; q;M). Suppose qIL and pIM . If
r = L ∩M , then the collineation ∈G′ which maps M onto pq, also maps q onto r
by Lemma 4.4. Hence there is a polarity  for which = (; r; pq), and there arises a
pseudo-polar triangle. Thus, by Theorem 4.7, in a non-Desarguesian 1nite  ag-transitive
projective plane, such a con1guration of particular anti ags is not allowed.
(ii) From our observations concerning polarities, it follows readily that if x is an
arbitrary point of , where  is  ag-transitive and non-Desarguesian, then there is a
line L of  not incident with p such that Gx=GL. Moreover, there is a unique polarity
 in Pol() such that x = L and for which L is the line of absolute points.
5. Flag-transitive projective planes and Fermat curves
By interpreting Theorem 3.5 in terms of algebraic curves, one can translate the
problem of classifying 1nite  ag-transitive projective planes to a problem on certain
Fermat curves over 1nite 1elds, in the following way.
Theorem 5.1 (Thas [22]). A non-Desarguesian 6ag-transitive projective plane of
order n, where n necessarily is even, n¿ 8 and p=n2+n+1 is a prime, is equivalent
to a set of Fermat curves
F :X n − Y n = $Zn
(where $∈GF(p)∗ =GF(p)\{0}) with the properties that if $ or −$∈D, where D
be the set of nth powers of GF(p)∗, then F has n2 + 2n GF(p)-rational points, and
if $;−$∈GF(p)∗\D, then F has n2 + n GF(p)-rational points.
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